We introduce the associated Lah numbers. Some recurrence relations and convolution identities are established. An extension of the associated Stirling and Lah numbers to the r-Stirling and r-Lah numbers are also given. For all these sequences we give combinatorial interpretation, generating functions, recurrence relations, convolution identities. In the sequel, we develop a section on nested sums related to binomial coefficient.
Introduction
The Stirling numbers of the first and second kind, denoted respectively n k and n k , are defined by
and
It is well known that n k is the number of permutations of the set Z n := {1, 2, . . . , n} with k cycles and that n k is the number of partitions of the set Z n into k non empty subsets [17, Ch. 5] , [23, Ch. 4] . The Lah numbers n k (Stirling numbers of the third kind), see [19, pp. 44] , are defined as the sum of products of the Stirling number of the first kind and the Stirling numbers of the second kind
and count the number of partitions of the set Z n into k ordered lists. According to 1 and 2, they satisfy
x(x + 1) · · · (x + n − 1) = n k=0 n k x(x − 1) · · · (x − k + 1), see for instance [3, eq 8] .
Broder [12] gives a generalization of the Stirling numbers of the first and second kind the so-called rStirling numbers of the first and second kind, denoted respectively n k r and n k r , by adding restriction on the elements of Z n : the n k r is the number of permutations of the set Z n with k cycles such that the r first elements are in distinct cycles and the n k r is the number of partitions of the set Z n into k subsets such that the r first elements are in distinct subsets. The r-Lah numbers n k r , see [3] , count the number of partitions of the set Z n into k ordered lists such that the r first elements are in distinct lists.
These three sequences satisfy respectively the following recurrence relations = 0 for n < r.
For r = 1 and r = 0, these numbers coincide with the classical Stirling numbers of both kinds and with the classical Lah numbers.
Comtet [17, pp. 222 ] define an other generalization of the Stirling numbers of both kinds by adding a restriction on the number of elements by cycle or subset and call them, for s 1, the s-associated Stirling numbers of the first kind 
n k
The generating functions are respectively n≥sk n k
n≥sk n k
For s = 2, these numbers are reduced to the specific associated Stirling numbers of both kinds, see for instance [23, pp. 73] .
Note that, from (7) and (8) , for n = sk, we get sk k 
Ahuja and Enneking [1] give a generalization of the Lah numbers called the associated Lah numbers using an analytic approach. In Sloane [24, A076126] , we have a definition of the associated Lah numbers n k (2) as the number of partitions of the set Z n into k ordered lists such that each list has at least 2 elements. They satisfy the following explicit formula n k
and have the double generating function
they consider k 1, which means there is at least one part.
Hsu and Shiue [22] defined a Stirling-type pair {S 1 , S 2 } as a unified approach to the Stirling numbers, this approach generalize degenerate Stirling numbers [13] , Weighted Stirling numbers [14, 15] , r-Whitney numbers [9, 16] and many other ones. The authors and Belkhir in [4] and the authors in [7] give a combinatorial approach to special cases of the Stirling-type pair. Howard [21] extend the associated generalization to the Weighted Stirling numbers. Note that the Stirling-type pair does not generalize the associated Stirling numbers. Motivated by this, we introduce and develop the s-associated Lah numbers and the s-associated r-Stirling numbers.
In section 2, we define the s-associated Lah numbers n k (s) , n sk, by a combinatorial approach analogous to Comtet's generalization. We derive an explicit formula, a triangular recurrence relation, a combinatorial identity and some generating functions. We study, in section 3, some nested sums related to binomial coefficients in order to develop, in section 4, a generalization of the Stirling numbers of the three kinds using the two restrictions (Broder's and Comtet's ones), we call them respectively the s-associated r-Stirling numbers of the first kind . We give some recurrence relations and combinatorial identities in sections 5 and 6. Cross recurrences and convolution identities are established in sections 7 and 8. In section 9, we propose some generating functions of the s-associated r-Stirling numbers.
The s-associated Lah numbers
We start by introducing the s-associated Lah numbers.
Definition 1
The s-associated Lah number, denoted by n k (s) , is the number of partitions of Z n into k order lists such that each list contains at least s elements.
Theorem 2
The s-associated Lah numbers obey to the following 'triangular' recurrence relation, for n sk, n k
with n 0 (s) = δ n,0 for k = 0, where δ is the Kronecker delta, and n k (s) = 0 for n < sk
Proof. Let us consider the n th elements, if it belongs to a list containing exactly s elements, so we have n−1 s−1 ways to choose the remaining (s − 1) elements and s! ways to order them into the cited list, then distribute the (n − s) remaining elements into the (k − 1) remaining lists such that each list have at least s elements and we have The following result gives an explicit formula for the s-associated Lah numbers according to identities (7) and (8) for the s-associated Stirling numbers of both kinds. Theorem 3 Let s, k and n be nonnegative integers such that n sk, we have n k
Proof 1. We order n elements on k ordered lists such that, each list contains at least s elements: first, we suppose that the lists are labeled 1, . . . , k and for each list j we choose (i j + s) (0 i j n − s) elements, we have possibilities. So we get
..,s−1,n−sk possibilities. We affect the remaining n − sk elements to the lists and we have k ways for the first element, k + 1 ways for the second one, and so on . . . the last one have k+n−sk−1 = n−(s−1)k−1. So, we get
possibilities. The result follows.
Remark 4
For n = sk, we get the following according to relations given by (11)
Comparing to (14) , an other recurrence relation, with rational coefficients, can be deduced form the explicit formula 15, as follows.
Theorem 5
The s-associated Lah numbers satisfy the following recurrence relation n k
Proof. Using Pascal's formula and relation (15), we get the result.
Note that for s = 1, we get the relation given by the authors [8, eq 7] when r = 0. . The s-associated Lah numbers can be expressed as a Vandermonde type formula as follows. 
Theorem 6
The s-associated Lah numbers satisfy n k
Proof. Using the explicit formula (15) and the Vandermonde formula, we get the result.
The special case s = 1 gives the identity given by the authors [8, eq 6] when r = 1.
The s-associated Lah numbers satisfy the following vertical recurrence relation. 
Proof. Let us consider the (k − 1) first lists, they contain i (s(k − 1) i n − s) elements. So, we choose the i elements and we have n−1 i ways to do it, and constitute the k − 1 lists such that each list have at least s elements, which can be done by i k−1 (s) ways, then order the (n − i) remaining elements in a list with (n − i)! possibilities. We conclude by summing over i.
The exponential generating function of the s-associated Lah numbers is given by the following. It is a complement list to (9) and (10) .
Theorem 8 Let n, k and s be integers, we have
Proof. Using the explicit formula (15) , with the following identity for x ∈ N, see for instance [18] ,
we get the result.
According to identity (13) , the double generating function is given by
Proof. Interchanging the order of summation and using equation (20), we get the result.
Nested sums related to binomial coefficients
In this section, we evaluate some symmetric functions. We start by the following result.
Lemma 10 Let α and β be integers such that β α. We have
Proof.
The following result seems to be nice as an independent one.
Theorem 11 Let α 1 , . . . , α r , α, β 1 , . . . , β r , β, k 1 , . . . , k r and k be integers such that α 1 + · · · + α r = α, β 1 + · · · + β r = β and k 1 + · · · + k r = k with β i α i . The following identity holds
Proof. By induction over r, we get the result. So It suffices to do the proof for r = 2. Thus, we have to establish
We consider the following product n≥0 k1+k1=k k1+α1 β1 k2+α2 β2
using (22), we get
As a consequence, we evaluate the sum of all possible integer products having the same summation.
Corollary 12
For α i = 0 and β i = 1 we get
The above identity can be interpreted as the number of ways to choose r leaders of r groups constituted from n persons: we choose one person of each group and we have ways to do it. Now, we are able to produce a general result. Also, it will be used to establish the next theorem.
Corollary 13 Let r, p and k be integers such that r p, we have
using identity (25) and
we get
applying relation (24), we get the result. Now, we are able to evaluate the sum of all products of k terms, all translated by α, and having a fixed summation.
Theorem 14 We have
Proof. We have
where (26), we get the result.
This nice result will be used to evaluate the explicit formula of the s-associated r-Stirling numbers which are introduced in the following section.
4 The s-associated r-Stirling numbers of the both kinds and the s-associated r-Lah numbers Now, we introduce the s-associated r-Stirling numbers of the both kinds and the s-associated r-Lah numbers.
Definition 15
The s-associated r-Stirling numbers of the first kind count the number of permutations of the set Z n with k cycles such that the r first elements are in distinct cycles and each cycle contains at least s elements.
The s-associated r-Stirling numbers of the second kind count the number of partitions of the set Z n into k subsets such that the r first elements are in distinct subsets and each subset contains at least s elements.
The s-associated r-Lah numbers, called also the s-associated r-Stirling numbers of the third kind, count the number of partitions of the set Z n into k ordered lists such that the r first elements are in distinct lists and each list contains at least s elements.
Here is given, for each kind, the table for r = s = 2. Table 3 : Some values for the 2-associated 2-Lah numbers
The s-associated r-Stirling numbers of the three kinds have the following explicit formulas.
Theorem 16
For n sk and k r, we have n k
Proof. We first proof the identity (29). To constitute a partition of Z n into k parts such that each part has at least s elements and the r first elements are in distinct parts, we proceed as follows : we put the r first elements in r parts (one by part). Now we partition the n − r remaining elements into k parts such that r parts have at least s − 1 elements and k − r parts have at least s elements, and we have
ways to do it, with i j s − 1 for j = 1, . . . , r and i j s for j = r + 1, . . . , k, which gives identity (29).
With the same specifications used to establish relation (29), to count the number of permutations of Z n into k cycles it suffice to constitute the cycles by considering all the possible arrangement in the parts and
finally using
, we get identity (28).
The same approach works, to constitute partitions of Z n into k ordered lists we have to consider the arrangement in the parts and we have (i 1 + 1)! (i 2 + 1)! · · · (i r + 1)!i r+1 ! · · · i k ! ways to do it. Thus we get n k
using relation (24), we get identity (30).
From (31), we can write a second kind explicit formula according to (27) and generalizing relation (15) .
The precedent theorem works for k = r. Furthermore, the identities are more explicit.
Remark 17
For k = r, we get respectively n r
The following special values can be easily computed, extending relations given by relations (11) and (16) sk k
Here is given an other explicit formula of the s-associated r-Lah numbers. This one is more interesting than relation (32). It is evaluated using one summation Theorem 18 Let n, k, r and s be nonnegative integers such that k r and n sk, we have n k
Proof. To constitute the k lists we use the r first elements which are supposed in different lists to identify the r first lists and we choose k − r elements form the remaining elements, with n−r k−r possibilities, as head list of the k − r remaining lists. Now to retch the condition that in each list we have at least s elements, we constitute k groups of (s − 1) elements form the n − k remaining elements and we have n−k s−1,...,s−1,n−sk ways to do it, and consider all the permutations of each group so we get ((s
r−j possibilities. It remains to affect the n − sk remaining elements, so the first one has (k + j) possibilities ( k : at the end of each lists or before the j supposed head lists), the second one have (k + j + 1) possibilities (one possibilities added by the previews element) and so one . . . the last element have (k + j) + (n − sk − 1) = n + j − (s − 1)k − 1 possibilities. This gives Note that the explicit formula of the s-associated Lah numbers (15) 
From (39) and (30) we can state the following, which is very nice in terms of identities related to binomial coefficients.
Proposition 19 We have
From (31) and (39) we get a second expression, dual to relation (27).
Proposition 20 we have
i1+i2+···+i k =n (i 1 + s) (i 2 + s) · · · (i r + s) = r j=0 r j n + k + j − 1 n (s − 1) r−j
Recurrence relations
The s-associated r-Stirling numbers satisfy recurrence relations as the regular s-associated Stirling numbers, using three terms of two triangles: the (r − 1)-Stirling triangle and the r-Stirling triangle. The recurrence relation of the s-associated r-Stirling numbers of the first kind is given as follows.
Theorem 21
Let r, k, s, and n be nonnegative integers such that n sk and k r, we have n k
Proof. Let us consider the n th element, if it belongs to a cycle containing exactly s elements not from the r elements, we have n−r−1 s−1
ways to choose the (s − 1) remaining elements and (s − 1)! ways to constitute the cycle, then distribute the (n − s) remaining elements on the (k − 1) remaining cycles such that each cycle has at least s element and the r first elements are in distinct cycles, so we have ways to choose the remaining (s − 2) ones and (s − 1)! ways to constitute the cycle, then distribute the (n − s) remaining elements on the (k − 1) remaining cycles such that, in each cycle, there is at least s elements and the r − 1 first elements are in distinct cycles, so we have possibilities. Else, we consider all the permutations of (n − 1) elements with k cycles under the usual conditions which can be done by
ways, then add the n th element to the k cycles and we have (n − 1) possibilities.
For s = 1 we get relation (4), and for r = 1 using Pascal's formula we get the recurrence relation of the s-associated Stirling numbers of first kind [20, eq 4.8].
The s-associated r-Stirling numbers of the second kind satisfy the following recurrence relation.
Theorem 22
Proof. Let us consider the n th elements, if it belongs to a part containing exactly s elements not from the r first ones, so we have ways to choose the remaining (s − 2), then distribute the (n − s) remaining elements on the (k − 1) remaining parts such that, the r − 1 first elements are in distinct parts, and each part, have at least s elements which can be done by possibilities. Else, we consider all the partitions of (n − 1) elements on k blocks under the usual conditions which can be done by
ways, then add the n th element to the k cycles with (n − 1) possibilities.
For s = 1 we get relation (5), and for r = 1 using Pascal's formula we get the recurrence relation of the s-associated Stirling numbers of the second kind [20, eq 4.1].
The s-associated r-Lah numbers satisfy the following recurrence relation.
Theorem 23 Let r, k, s, and n be nonnegative integers such that n sk and k r we have n k
Proof. Let us consider the n th element, if it belongs to a list containing exactly s elements not from the r first ones, we have For s = 1 we get relation (6), and for r = 1 and using Pascal's formula we get the recurrence relation (14).
Combinatorial identities or convolution relations
In this section, we establish some combinatorial identities for the s-associated r-Stirling numbers using a combinatorial approach. we can also consider them as convolution relations.
The next identity is an expressions of s-associated r-Stirling numbers in terms of the s-associated r ′ -Stirling numbers with r ′ r.
Theorem 24 Let p, r, k and n be nonnegative integers such that p r k and n sk, we have n k
Proof. Let us consider the i ((s − 1)p i n − p − s (k − p)) elements which belongs to the p cycles containing the elements 1, . . . , p. We have n − r i possibilities to choose the i elements and For p = r, we obtain an expression of the s-associated r-Stirling numbers of the first kind in terms of the regular s-associated Stirling numbers of the first kind n k
For s = 1, we obtain the equation given by Broder [12, eq 26 ] and for r = 1, we get a vertical recurrence relation for the classical s-associated Stirling numbers of the first kind n k
Theorem 25 Let p, r, k and n be nonnegative integers such that p r k and n ≥ sk, we have n k
Proof. Let us consider p first elements (p r), they constitute p parts with p(s − 1) elements so we choose those elements by 
also, for s = 1, we obtain the equation given by Broder [12, eq 31] and for r = 1, we get a vertical recurrence relation for the classical s-associated Stirling numbers of the second kind n k
Theorem 26 Let p, r, k and n be nonnegative integers such that p r k and n ≥ sk, we have
Proof. Let us consider the p first elements, and focus on the i (0 ≤ i ≤ p) parts containing exactly s elements, we have p i ways to choose the i elements from the p first ones, and n−r i(s−1) ways to choose the i(s − 1) remaining elements to have s elements by part, and
i ( from 11) ways to partition the i(s − 1) elements on i groups such that each group have at least (s − 1) elements, then affect each group to the i elements and we have i!. Then, we partition the n − p − i(s − 1) remaining elements into (k − i) parts such that each group has at least s elements and the remaining r − p elements are in distinct subsets, and we have
ways to do it. Now, it reminds (p − i) elements not yet affected.
Thus we have (k − r + p − i) choice for the first one, (k − r + p − i − 1) choice for the second one and so on until the last one have (k − r + 1) which
possibilities. We conclude by summing.
For s = 1 we get the relation given by the authors [5, eq 5 ].
An expression of the s-associated r-Stirling numbers of the second kind in terms of the s-associated Stirling numbers can be deduced from equation (50), for p = r, as follows n k
Also, for r = 1, we obtain the recurrence relation of the s-associated Stirling numbers [20, eq 4.1]. Theorem 27 Let p, r, k and n be nonnegative integers such that p r k and n ≥ sk, we have n k
Proof. Let us consider the p first elements, they are in p distinct lists with i j (i j s − 1; j = 1..p) other elements, such that 
, the inner summations can be evaluated using (27). This gives the result.
For p = r, we get an expression of the s-associated r-Lah numbers in terms of the s-associated Lah numbers n k
Cross recurrence relations
From equations (44) and (52), for p = 1, we get some vertical cross recurrence relations.
Corollary 28
We have n k
For r = 1, we get relation (19) and for s = 1 we get the identity given by the authors in [8] .
Theorem 29 Let r, k, n be nonnegative integers such that n ≥ sk, we have
Proof. Let us consider the r th elements. If it belongs to a group containing exactly s elements, we have 
Convolution identities (revisited)
The s-associated r-Stirling numbers of the three kinds can be expressed as a convolution using the binomial coefficients.
Theorem 30 Let r, k and n be nonnegative integers such that n ≥ sk with k 1 +· · ·+k p = k and r 1 +· · ·+r p = r, we have
Proof. We consider permutations of Z n+r with k + r cycles such that the r first elements are in distinct cycles and each cycle has at least s elements and we have Theorem 31 Let r, k and n be nonnegative integers such that n ≥ sk with k 1 +· · ·+k p = k and r 1 +· · ·+r p = r, The s-associated r-Stirling numbers of the second kind satisfy
Proof. We use an adapted analogous bijective proof as for the identity (57).
Relations (57) and (58) extend those given by the others [5, Eq 8, Eq 12] to the s-associated situation.
Theorem 32 Let r, k and n be nonnegative integers such that n ≥ sk with k 1 +· · ·+k p = k and r 1 +· · ·+r p = r, The s-associated r-Lah numbers satisfy
For s = 1, we get
Generating functions
The s-associated r-Stirling numbers of the first kind have the following exponential generating function.
Theorem 33
We have
Proof. Using the identity (45), we get
from (9), we obtain
using relation (22) we get the result.
The above theorem implies the double generating function.
Theorem 34
The s-associated r-Stirling numbers of the first kind satisfy
Proof. Interchanging the order of summation and using equation (61) we get the result.
The s-associated r-Stirling numbers of the second kind have the following exponential generating function
Theorem 35
Proof. Using the identity (51), we get
the second summation can be evaluated using (10) and gives
, using the binomial theorem we get the result.
The double generating function for s-associated r-Stirling numbers of the second kind is Theorem 36
The s-associated r-Lah numbers have the following exponential generating function 
Proof. Interchanging the order of summation and using equation (65) we get the result.
Conclusion and perspectives
Roughly speaking, there are many recurrence and congruence relations known about the r-Stirling numbers and the associated Stirling numbers which can be generalized to . We have treated a few of these. In this section, we propose some problems :
• Howard [21] gave, as perspectives, an extension of the weighted associated Stirling numbers to the Weighted s-associated Stirling numbers without specifying the expressions. In this perspective, as continuity to our work, we propose the Weighted s-associated Stirling numbers of the first and the second kind, denoted 
Note that for s = 2, we get weighted associated Stirling numbers. It seems possible to derive analog relations of the weighted associated Stirling numbers, and establish other identities.
• By the same reasoning, it is interesting to extend these generalization to the r-Stirling numbers. We define the weighted s-associated r-Stirling numbers of the first and the second kind respectively n n + r k + r 
• It will be nice to investigate the different generalization (weighted, degenerated) of the Lah numbers and r-Lah numbers.
• The authors and Belkhir [4] define the n k α,β as the weight of a partition of n elements into k lists such that the element inserted as head list has weight β except the first inserted one which has weight 1 and the element inserted after an other one has weight α. This interpretation allow an extension to the s-associated aspect by adding the known restriction (at least s elements by list).
• An other perspective of this work is to consider the Whitney numbers (see [9, 10, 11, 2] ) and r-Whitney
